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FORCED NONLINEAR VIBRATION OF SHALLOW 
SHELL AND APPLICATION TO TECHNICAL 
DIAGNOSIS 
L E NGOC THACH, TRAN VAN LIEN 
Hanoi University of Civil Engineering 
A bstract . This paper presents direct and inverse problems of forced nonlinear vibration of 
shallow shell. From that the method of establishment and solution of technical diagnosis for 
shallow shell under the vibrated load is proposed. The diagnosis criterion is the minimum 
of the difference between the square of experimental and theoretical data. The diagnosed 
parameters are the external loads and the reactions arose at the boundaries. 
1. INTRODUCTION 
We have many different approaches to solve a t echnical diagnosis problem. One of 
those is employment of experiment determined and theoretical computed frequencies of 
the forced vibration of structure in order to determine the unknown t echnical parameters. 
When solving a technical diagnosis problem of structures, the numerical results of a 
program on structural analysis of the direct problem are often employed. However, to 
the date, t hese numerical results are mostly given for linear problems with small strain 
assumption. Even, the linear problems have many advantages, but do not completely 
model the behavior the structures , especially in the case of dynamic problems. 
In this research direction, in [7] the technical diagnosis problem and its solution for 
shallow shell are presented , but just for the case of free vibration. In this paper , based 
on the direct and inverse problems of forced vibration the authors present the method to 
establish and solve the technical diagnosis problem for shallow shell under the vibrated 
loads . 
The diagnosis criterion is t he minimum of the difference between t he square of exper-
imental and theoretical data. The diagnosed parameters are the external loads and the 
reactions arose at the boundaries . 
2. MODEL CONSTRUCTION 
Fig. 1. Shallow shell with rectangular base 
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C o n s i d e r i n g  t h e  f o r c e d  v i b r a t i o n  o f  s h a l l o w  s h e l l  ( c y l i n d r i c a l ,  s p h e r i c a l )  w i t h  r e c t a n -
g u l a r  b a s e ,  t h e  s i z e s  o f  a x  b x  h  a n d  w i t h  f o u r  s i m p l y  s u p p o r t e d  e d g e s  a r e  s h o w n  i n  F i g .  
l .  I n  o r d e r  t o  e x a m i n e  t h e  p r o p o s e d  p r o b l e m ,  w e  a d o p t e  h e r e w i t h  t h e  n o n l i n e a r  f o r c e d  
v i b r a t i n g  e q u a t i o n  o f  s h a l l o w  s h e l l  a s  f o l l o w s  [ 3 ] :  
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i s  t h e  d o u b l e  L a p l a c e  o p e r a t o r .  T h e  c u r v a t u r e s  o f  t h e  c y l i n d r i c a l  
s h e l l  t o  x  a n d  y  c o o r d i n a t e s  a r e  r e s p e c t i v e l y  R x  = o o ,  R y = R = c o n s t .  T h e  c u r v a t u r e s  o f  
t h e  s p h e r i c a l  s h e l l  t o  x  a n d  y  c o o r d i n a t e s  a r e  r e s p e c t i v e l y  R x  =  R y  =  R = c o n t s .  T h e  
c u r v a t u r e s  o f  t h e  p l a t e  a r e  R x =  R y = o o .  q ( x ,  y ,  t )  i s  t h e  l a t e r a l  l o a d  o f  t h e  s h e l l  o r  p l a t e .  
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From (2.5) we can calculate the stress components as 
_ fJ2</> __ Ef2n2n2 (2mny) _ Ejn2m 2a2b2 . (nnx) . (mny) 
ax - 8y2 - 8a2 cos b Ry(m2a2 + n2b2)2 sm a sm b 
Efm4a4 . (n7rx) . (m7ry) 
- Rx(m2a2 + n2b2)2 sm ---;;:--- sm -b- + Px 
cP</> mn3ab3 m 3na3 b t7r~ p7r~ T ----- - EJ + cos -- cos - -
xy- 8x8y - Ry(m2a2 + n2b2)2 Rx(m2a2 + n2b2)2 a b (2.6) 
_ 82¢ __ Ej2m2n2 (2nnx) _ Efn4 b4 . (nnx) . (mKy) 
ay - 8x2 - 8b2 cos a Ry(m2a2 + n2b2)2 sm a sm b 
Efm2n2a2b2 . (nnx) . (mny) 
- Rx(m2a2 + n2b2)2 sm ---;;:--- sm -b- + Py. 
Choose the load function in the form 
( ) r- . n7rx . m7ry ( ) q = q x, y, t = Jo sm - - sm - - cos wt . 
a b 
(2 .7) 
In order to get the vibration spectrum of the structure we need to determine the equation 
of the amplitude function f(t). We adopted herewith the Bubnov - Galerkin method for 
the first equation of (2.1) , namely 
a b 
ff [D 4 2 q ')'oW2 ] . n7rx . mKy -'V W - L(W,<f>)- 'Vk</> - - + - - - s1n-s1n--dxdy = 0. h h g 8t2 a b (2 .8) 
0 0 
Performing the integral in (2 .8) we get the differentiation equation under the form 
F(t)=O. (2.9) 
The equation (2 .9) describes the nonlinear vibration of the function f(t) for vibration 
modes of the system. 
2 .1. Rectangular plates 
For the problem of rectangular plates (Rx = Ry =oo ), from (2 .9) we obtain the non-
linear vibration equation for the system under the form 
/'d2f [ 7r4 (m2 n2)
2 
(n7r)2 (m7r)2] 
- -+ D - -+- + Px - +P - f(t)+ g dt2 h b2 a2 a Y b 
En4 (m4 n4 ) ! 3 ( ) = Jo cos(wt) 
+ 16 b4 + a4 t h ' 
(2 .10) 
or 
/ + w5f + af3 = F cos wt, (2.11) 
in which 
g [ 7r4 (m2 n2)
2 
(n7r)2 (m7r)2] 
w5 = :y Dh l}2 + a2 + Px ~ +Py b ; 
a = E7r4 2._ (m4 + n4) ; F = gfo. 
16 /' b4 a4 1h 
(2 .12) 
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I n  o r d e r  t o  o b t a i n  t h e  s o l u t i o n  o f  e q u a t i o n  ( 2 . 1 1 )  w e  a p p l y  h e r e w i t h  t h e  i t e r a t i v e  
m e t h o d .  F o r  t h e  f i r s t  a p p r o x i m a t i o n  w e  a s s u m e  
J i  (  t )  =  A  c o s (  w t ) ,  ( 2 . 1 3 )  
i n  w h i c h  A  i s  t h e  u n k n o w n  c o n s t a n t .  S u b s t i t u t i n g  ( 2 . 1 3 )  i n t o  ( 2 . 1 2 ) ,  w e  g e t  d i f f e r e n t i a t i o n  
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I n t e g r a t i n g  e q u a t i o n  ( 2 . 1 5 )  w i t h  t h e  i n i t i a l  c o n d i t i o n  e q u a l s  t o  0 ,  w e  g e t  t h e  s e c o n d  
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For the case of nonlinear vibration (a: /: 0) , the frequency w is a function of the 
vibration amplitude A, nonlinear coefficient ex and the amplitude of the external loads F 
(Fig. 2.b). 
2.2. Shallow shell 
In order to determine the frequency w of the system, we can write the system vibration 
under the form 
f(t) = A cos wt. 
From the differentiation equation (2.9), using the Bubnov - Galerkin method 
271" j wF(t) cos(wt)dt = 0. 
0 
(2.21) 
(2 .22) 
Substituting f(t) from (2.21) in to (2 .22) , after performing the integral over a period 
of vibration, we get the formula expressing the relationship between the frequency w and 
ampli tude of the forced vibration A of t he cylindrical, shallow shells as: 
I 2 (~+~)21 2 gE 7r4h2 (n2 m2) b2Rx a2Ry Wm,n ~--::;- 12(1 - µ2) a' + /ii" + ( :: + :;') 2 + (2.23) 
+ 7r2g (Pxn2 + Pym2 ) + 2_ 7r4gE (n4 + m4) A2 _ gfo . 
'Y a 2 b2 64 'Y a 4 b4 1Ah 
The obtained expression (2.23) is an extension of (2.19) . To this point, we can under-
stand the meaning of each term on the right hand side of (2.19) or (2.23) : 
- The first term is the natural frequency of the linear problem of the rectangular plates 
with four simply supported edges. 
- The summation of the first two terms is solution of the considering problem for the 
case of small deformation and strain. 
- The third term is corresponding to the effect of axial force uniformly distributed on 
the boundaries. 
- The fourth term is expressing the effect of nonlinear part to the natural frequency 
of the system. 
- The last term describes the effect of the ratio between amplitude of the external force 
and amplitude of the forced vibration. 
3. ESTABLISHMENT OF INVERSE - TECHNICAL DIAGNOSIS 
PROBLEM 
Based on the result of the above proposed problem on vibration of plates and shell 
(expression (2.23)), the inverse - technical diagnosis problem to assess the behavior of the 
shell when knowing the natural frequencies is established this section. 
Considering a cylindrical or spherical shell with rectangular base under compressive 
loads Px , Py and q(x, t) having the form (2.7) on the boundaries. Assuming that some 
natural frequencies of the shell have been measured, our problem is that how to determine 
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t h e  u n k n o w n  e x t e r n a l  l o a d s  P x ,  P y  a n d  t h e  a m p l i t u d e  o f  t h e  e x t e r n a l  l o a d  f r o m  t h e  k n o w n  
n a t u r a l  f r e q u e n c i e s  w i ,  w 2 ,  . . .  ,  w : n  o f  t h e  s h e l l .  
T h e  m i n i m u m  o f  d i f f e r e n c e  b e t w e e n  t h e  s q u a r e  o f  t h e  m e a s u r e d  f r e q u e n c i e s  w *  =  
{ w i ,  w 2 ,  . .  ,  w : n }  a n d  c o m p u t e d  f r e q u e n c i e s  w  =  { w 1 ,  w 2 ,  . .  ,  w m }  a c c o r d i n g  t o  ( 2 . 2 3 )  i s  c h o s e n  
a s  t h e  c r i t e r i o n  f o r  e v a l u a t i n g  t h e  d i a g n o s i s  p a r a m e t e r s .  
m  
F ( J o ,  P x ,  P y ) =  l l w  - w * l l  =  L  l w i  - w ; 1
2
- - >  m i n .  ( 3 . 1 )  
i = l  
T h e  t e c h n i c a l  d i a g n o s i s  p r o b l e m  o f  t h e  u n k n o w n  p a r a m e t e r s  { f  o ,  P x ,  P y }  o f  t h e  s h e l l  
d e d u c e s  t o  t h e  p r o b l e m  o f  m i n i m i z i n g  o f  t h e  d i f f e r e n c e  f u n c t i o n  ( 3 . 1 )  w i t h  t h e  c o n s t r a i n s  
{  
J ( J o ,  P x ,  P y )  - - >  m i n  ( 3 . 2 )  
J o  2 : ' .  O ;  P x  : S  O ;  P y  : S  0 .  
T o  s o l v e  t h i s  p r o b l e m ,  w e  c a n  e m p l o y  t h e  f u n c t i o n  L S Q L I N  i n  O p t i m i z a t i o n  T o o l b o x  
o f  M a t L a b  [ 1 ]  w i t h  c o m m a n d  
[ x ,  r e s n o r m ,  r e s i d u a l  , e x i t f l a g , o u t p u t ,  l a m b d a ]  =  
l s q l i n ( C , T s o d o ,  [ ] .  [  ] ,  [ ] .  [ ] .  l b ,  u b ,  x O ,  o p t i o n s ,  v a r a r g i n )  
i n  w h i c h  
- T s o d o  i s  v e c t o r  o f  m e a s u r e d  f r e q u e n c i e s .  
- C  i s  v e c t o r  o f  c o e f f i c i e n t  o f  p a r a m e t e r s  J o ,  P x ,  P y  i n  ( 2 . 2 3 ) .  
- l b  = [ 0  - I n f  - I n f  J  a n d  u b = [ I n f  0  O J  a r e  u p p e r  a n d  l o w e r  b o u n d s  o f  p a r a m e t e r s  
J o ,  P x ,  P y .  
T h e  i n p u t  p a r a m e t e r s  a r e  t h e  m e a s u r e d  f r e q u e n c i e s  o f  t h e  s h e l l  w *  =  {  w i ,  w 2 ,  . . .  ,  w : n }  ,  
a n d  t h e  r e s u l t s  a r e  t h e  d i a g n o s i s  p a r a m e t e r s  { J o ,  P x ,  P y }  
4 .  N U M E R I C A L  E X A M P L E  
C o n s i d e r i n g  a  s h a l l o w  s h e l l  i n  F i g .  1 ,  w h i c h  m a d e  o f  c o n c r e t e  w i t h  t h e  g e o m e t r y  
a n d  m a t e r i a l  d a t a :  1 =  2 5 0 0  k g / m
3
;  µ =  0 . 3 ;  E =  2 . 6 5 x  1 0
3
t i t  k N / c m
2
;  a =  4  m ;  b =  6  
m ;  R x  =  R y = l 2  m ;  h =  1 2  c m ;  g =  1 0  m / s
2
.  T h e  s h e l l  i s  u n d e r  a x i a l  f o r c e s  P x =  - 1  
k N / c m
2
,  P y =  - 2  k N / c m
2  
u n i f o r m l y  d i s t r i b u t e d  a l o n g  t h e  b o u n d a r i e s ,  r e s p e c t i v e l y  i n  x  
a n d  y  d i r e c t i o n s .  T h e  s h e l l  i s  a l s o  s u p p o s e d  t o  b e  e x c i t e d  b y  a  f o r c e  w i t h  a m p l i t u d e  
J o = O . l  k N / c m
2
.  
T h e  d i a g n o s i s  r e s u l t s  f o r  t h e  a x i a l  f o r c e s  P x ,  P y  a n d  a m p l i t u d e  o f  e x t e r n a l  f o r c e  J o  a r e  
g i v e n  i n  t h e  c o l u m n s  2  - 5  o f  t h e  b e l o w  T a b l e  1  
T a b l e  1 .  T h e  d e a g n o s i s  r e s u l t s  o f  e x a m p l e  
N u m b e r  o f  T h e  d i a g n o s i s  r e s u l t s  f o r  t h e  a x i a l  f o r c e s  P x ,  P y  a n d  a m p l i t u d e  o f  
f r e q u e n c i e s  
e x t e r n a l  f o r c e  J o  ( k N / c m
2
)  
m e a s u r e d  E r r o r  0 %  E r r o r  2 %  E r r o r  5 %  
E r r o r  7 %  
- 1 . 0 0 0  
- 1 . 1 5 9  
- 1 . 2 1 5  
- 1 . 3 5 9  
3  
- 2 . 0 0 0  
- 2 . 1 0 7  - 2 . 2 1 9  
- 1 . 8 0 3  
0 . 1 0 0  0 . 0 9 5  0 . 0 8 7  0 . 0 8 0  
- 1 . 1 8 5  - 1 . 2 0 7  - 0 . 8 8 3  
- 1 . 3 0 9  
2  
- 1 . 9 0 7  - 1 . 9 5 6  - 1 . 8 3 1  
- 2 . 6 9 8  
0 . 1 1 9  
0 . 0 8 8  0 . 0 7 8  0 . 0 6 9  
"  
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5. CONCLUSIONS 
From the above table, we see: 
a . The method considering a combination between the direct and inverse problems of 
nonlinear vibration is effective one in the technical diagnosis problem of structure. The 
method is not only enough in determining the required parameters, but in agreement 
between the measured data and model parameters. 
b. The analytical solution shows the relation between the parameters (known and 
unknown) of the technical diagnosis problem, that are loading, geometry, material and 
the parameters represented for vibration such as frequency, amplitude. 
c. By using the nonlinear optimization methods for solving the technical diagnosis 
problem, we can obtain the accurate and stable results. 
- The computed results show the high accuracy and stability of the solution. The 
introduction of the inequilibrium constraints lead to results with physical and mechanical 
meaning. 
- The number of measured frequencies used in diagnosis are not necessary greater or 
equals to the number of parameters required to determine. However, the more number 
of frequencies is measured the more accurate diagnosis result is. It is also a remarkable 
feature of the dynamic testing methods. 
d. The obtained results allow us to reevaluate the stress and strain state in plates and 
shells, from that we can evaluate the remaining capability of these structures. 
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1 9 6  L e  N g o c  T h a c h ,  T r a n  V a n  L i e n  
D A O  D Q N G  P H I  T U Y E N  c u 6 ' N G  B U C  G O A  v o  T H O A I  v A  U N G  
, . ,  , ,  - . . . .  
D l J N G  T R O N G  C H A N  D O A N  K Y  THU~T 
B a o  c a o  t r l n h  b a y  b a i  t o a n  thu~n v a  n g u q c  v e  d a o  d ( m g  p h i  t u y e n  c u c m g  b u c  c u a  V O  
t h o a i .  T l . r  d 6  n e u  e a c h  t h a n h  l~p v a  g i a i  b a i  t o a n  c h a n  d o a n  k y  thu~t c h o  k e t  c a u  V O  t h o a i  
c 1 1 ! u  t a c  d i . m g  c u a  t a i  t r 9 n g  g a y  d a o  d ¢ m g .  T i e u  c h u a n  c h a n  d o a n  I a  t c l n g  b l n h  p h u a n g  s a i  
l~ch g i f r a  k e t  q u a  t h i . r c  nghi~m v a  l y  t h u y e t  p h a i  l a  b e  n h a t .  D~i l u q n g  d u q c  c h a n  d o a n  
I a  t a i  t r 9 n g  t a c  d i . m g  I e n  k e t  c a u  v a  c a c  p h a n  I i . r e  p h a t  s i n h  t~i l i e n  k e t  b i e n  . .  
